Abstract. We generalize an algorithm of Rudolph to establish that every link is topologically concordant to a strongly quasipositive link.
1. Introduction
Statement of results.
A braid or n-braid in Artin's braid group on n strands, i.e.
B n = a 1 , . . . , a n−1 | a i a j = a j a i for |i − j| ≥ 2, a i a i+1 a i = a i+1 a i a i+1 [Art25] , is called quasipositive if it is a product of conjugates of positive Artin generators a i of B n . A braid is called strongly quasipositive if it is a product of braids a i,j , where
(1) a i,j = (a i a i+1 · · · a j−1 )a j (a i a i+1 · · · a j−1 )
A link L-an oriented smooth 1-dimensional submanifold of S 3 -is called quasipositive (respectively: strongly quasipositive) if it arises as the closure of a quasipositive (respectively: strongly quasipositive) braid. Clearly, any strongly quasipositive link is also quasipositive. We refer to [Rud05] for a resource on quasipositive links.
It was proved by Boileau and Orevkov that a link is quasipositive if and only if it can be realized as the transverse intersection of a complex curve in C 2 with the unit 3-sphere S 3 ⊂ C 2 ; see [BO01] . Given this result, quasipositive links form a bridge between knot theory and the theory of complex curves in C 2 . This in particular suggests that quasipositive knots should have special properties in the concordance group. In this light, the main result of the paper seems counterintuitive.
Theorem 1. Every link L is topologically concordant to a strongly quasipositive link L
′ .
In fact, we establish the following more precise, but also more technical result. In the above, the surface A is oriented and the induced orientations on L × {0} and L ′ × {1} are the orientation of L × {0} and the reversed orientation of L ′ × {1}, respectively. Remark 5. The fact that there exist strongly quasipositive links with arbitrary linking numbers follows already from Rudolph's result (Theorem 3). The corollary is a generalization of that fact, because linking numbers are second-order Milnor invariants.
In [Har08] Harvey defined a family of concordance invariants ρ k , k ∈ Z ≥0 , which are an instance of L 2 -invariants; see [COT03, Section 5]. As these invariants are invariants of topological concordance (see [Har08, Corollary 4 .3]), we obtain the following result.
Corollary 6. The Harvey's ρ k invariants do not detect strongly quasipositive knots.
Gilmer [Gil83, Section 2] interprets Casson-Gordon invariants as a homomorphism from the knot concordance group to a suitably defined Witt group. In this context we can say that Casson-Gordon invariants do not detect strongly quasipositive knots. Another way of phrasing the failure of Casson-Gordon invariants to detect strongly quasipositive knots is the following. 
Proof. It follows from the proof of Theorem 2 that K ′ can be obtained by an iterated satellite construction with companion knots that have trivial Alexander polynomial and winding number is zero (see Proposition 15 below). The statement follows from [Lit84, Theorem 2]. See [Liv02] for an analogous argument.
A result analogous to Proposition 7 can also be stated in the language of η-invariants of Levine and Friedl; see [Fri04] , using [Fri04, Theorem 4 .2] as the main technical result. We do not give a precise statement here.
Given Theorem 1 one can ask whether the result can be generalized to smooth concordance. Here the answer is known to be negative by Rudolph's slice-Bennequin inequality [Rud93] ; compare also [Hed10, Liv04, Pla04, Shu07] where the values for the concordance invariants s and τ are shown to be restricted on quasipositive knots. In fact, the latter together with the existence of knots K for which τ (K) and −s(K)/2 differ implies the following result:
Proposition 8. There exists a knot K that is not smoothly concordant to any sum P #N , where P is a quasipositive knot and N is quasinegative (the mirror of N is quasipositive).
Proof. Let τ (K) be the Ozsváth-Szabó τ invariant and s(K) the Rasmussen's sinvariant. It follows from [Hed10, Liv04, Pla04, Shu07] 
) vanishes on all quasipositive knots. It is also an additive concordance invariant, so it vanishes on the whole smooth concordance subgroup generated by quasipositive knots. However, it was shown by Hedden and Ording [HO08] that σ does not vanish on all knots.
Remark 9. One can use any difference of any two different slice-torus invariants (i.e. group homomorphisms from the smooth concordance group to Z that equal g 4 on positive torus knots and are less than or equal to g 4 on all knots; compare Lewark [Lew14] ) instead of τ (K) − (−s(K)/2) in the above proof.
The contrast between topological and smooth concordance of strongly quasipositive knots can also be seen by comparing the position of strongly quasipositive knots in various filtrations of the knot concordance group.
Proposition 10.
• 
Proof. The first part is immediate from Theorem 1 and the fact that there are knots that are n-solvable but not (n + 0.5)-solvable [CT07] . For the second part, note that if K ∈ B 0 then, by [CHH13, Corollary 4.9] we have τ (K) = 0. If K is strongly quasipositive, then by [Liv04] we have g 3 (K) = τ (K). But the only knot with vanishing three-genus is the unknot.
The exact position of strongly quasipositive knots in the smooth concordance group remains unknown. For example, Baker conjectures that concordant fibred strongly quasipositive knots are isotopic [Bak16] .
We conclude this section by noting the substantial difference between strongly quasipositive and quasipositive knots. While there exist non-trivial topologically slice strongly quasipositive knots-one of the simplest instances being the Whitehead double of the trefoil; see [Rud84, Fig. 1 ] or [Rud93, Lemma 2]-the only smoothly slice strongly quasipositive knot is, by the slice-Bennequin inequality [Rud83b] , the unknot. In contrast, Rudolph [Rud83b] constructed many non-trivial smoothly slice quasipositive knots. This distinction is also stressed in Remark 13.
1.3. Outline of Proof. Theorem 1 follows immediately from Theorem 2. We now outline the proof of Theorem 2. The proof consists of a generalization of the proof of Theorem 3 combined with Freedman's disk theorem and the behavior of concordance under satellite operations.
Let w be an n-braid with closure the link L. Write w as a product of braids a i,j (defined in (1)) and a −1 i,j . Construct for this product the associated canonical Seifert surface F . It consists of n disks connected with bands: an element a ±1 i,j corresponds to a band connecting the i-th disk with the j-th one and the sign ±1 corresponds to the sign of twist. As in [Rud83b] we replace each negative band by a band obtained by thickening a strongly quasipositive knot with a zero framing (Rudolph used a zero-framed positive trefoil knot, which suffices to get Theorem 3). A careful argument gives us control of the strong quasipositivity of the resulting surface independently of what strongly quasipositive knot this is done with. More precisely, we establish the following proposition which constitutes the bulk of our proof.
Proposition 11. Let F be a Seifert surface for some link L ⊂ S 3 . There exist a finite number of closed bands S 1 , . . . , S t in F such that the following holds. For any choice of t non-trivial strongly quasipositive knots K 1 ,. . . , K t , the surface P obtained from F by tying a zero-framed K ℓ into the band S ℓ is strongly quasipositive.
If F is the canonical Seifert surface associated with a braid w given as a product a
with ε k = ±1 and a i,j as in (1), then t can be taken to be the number of indices k for which ε k is negative.
Theorem 2 follows from Proposition 11 by choosing the K ℓ to be strongly quasipositive knots with Alexander polynomial one, invoking a consequence of Freedman's disk embedding theorem to establish that K ℓ is topologically slice [Fre82, Theorem 1.13], and using that a satellite link is concordant to its pattern if the companion is a slice knot.
Remark 12. The procedure described in Proposition 11 does not change the Seifert form associate to the surface F . As a consequence, our construction of the link L ′ from Theorem 2 is such that L and L ′ come with Seifert surfaces with canonically identified Seifert forms. Center grant 2016/22/E/ST1/00040. The authors express their gratitude to Sebastian Baader, Michel Boileau, and Wojciech Politarczyk for stimulating discussions. We are indebted to Chuck Livingston, Mark Powell and Lee Rudolph for their comments on the preliminary version of the manuscript.
Proof of Proposition 11
In this section, we first recall details on the notions used in Proposition 11 and then provide the proof of Proposition 11.
Let F be a Seifert surface-a smooth oriented compact surface in S 3 with no closed components. Up to isotopy F arises as the canonical surface associated with a braid w ∈ B n for some n that is written as a product of generators
where a i,j are as in (1), i k , j k are some index pairs and ε k = ±1; see [Rud83b, Proposition 1]. We refer to such a w, a braid together with a choice of product as in (2), as braid word or n-braid word. If all ε k are 1, we refer to w as a strongly quasipositive braid word. Here, the canonical surface associated to such a n-braid word w is the Seifert surface given by n discs (one corresponding to each strand) and bands connecting the discs (one for each a Figure 4 , represents a negatively twisted band; in fact, the canonical surface arises as the blackboard framed thickening of the depicted graph. We refer to Rudolph's account in [Rud83a, §2] and [Rud92,  §1] for more details on canonical Seifert surfaces. A Seifert surface is said to be a quasipositive surface, if it arises as the canonical surface associated to a strongly quasipositive braid word. Note that strongly quasipositive links are the links that arise as the boundary of a quasipositive surface. We call a subset S of a Seifert surface F a closed band if S arises as the intersection of F with a cylinder Z ⊂ S 3 as follows: there is a orientation preserving diffeomorphism Ψ of triples of manifolds with corners Figure 1 . Considering only the effect on the link ∂F , tying a knot K into F corresponds to a often studied operation in knot theory: a satellite operation with companion K and pattern ∂F viewed in the appropriately framed solid torus that is given as the complement of an open neighborhood of the mantle of the cylinder Z. We discuss this in more detail in Section 3.
We also note that the construction of tying a knot into a closed band S depends on how S is identified with [− ] × [0, 1] amounts to a change in orientation of the knot tied into S); however, we will suppress this subtlety, which is justified by the fact that a knot is strongly quasipositive if and only if the same knot with reversed orientation is strongly quasipositive.
Proof of Proposition 11. Let w be a n-braid word for some positive integer n such that F is isotopic to the canonical surface associated with w. Let t be the number of occurrences of generators a i,j in w with negative power, say they are (in order of appearance) g 1 = a −1 i1,j1 , g 2 = a −1 i2,j2 , . . . , g t = a −1 it,jt . We set S 1 , . . . , S t ⊂ F to be the closed bands corresponding to these generators. Our strategy is to describe explicitly a strongly quasipositive braid word v that has P , the surface obtained from F by tying zero-framed K ℓ into S ℓ , as its canonical surface. This is done by replacing occurrences of a −1 i,j in (2) with strongly quasipositive braid word with associated canonical surface an appropriately framed and knotted band. Rudolph in [Rud83b] showed this is possible for K ℓ being a trefoil. The novelty of our proof is that we establish that this can be done for any strongly quasipositive knot K ℓ that is not the unknot.
Let A = A ℓ be the zero-framed annulus given as the zero-framing of K = K ℓ (until further notice we suppress the index ℓ, remember, that the procedure is performed for all 1 ≤ ℓ ≤ n). The annulus A is a quasipositive surface; see [Rud93,  Lemma 1]. We recall the short argument: let Q be a quasipositive surface with boundary K. Note that a small closed neighborhood of K = ∂Q in Q is a zeroframing of K and, thus, A embeds π-injective in Q. For the latter, we used that K is not the unknot: a neighborhood of the boundary of a connected oriented surface Q with connected boundary K is a full subsurface of Q (i.e. π 1 -injectively embedded) as long as Q is not a disc. By Rudolph [Rud92, Characterization Theorem], full subsurfaces of quasipositive surfaces are quasipositive surfaces.
Remark 13. The assumption that K is strongly quasipositive and not only quasipositive is subtle, but essential. If K is quasipositive, the annulus A will not be a quasipositive surface in general. Otherwise, we could tie a quasipositive smoothly slice knot K into F , and by repeating our argument for Theorem 1 in the smooth category, we would show that every knot is smoothly concordant to a quasipositive knot, which contradicts Proposition 8.
Since A is a quasipositive surface, it arises as the canonical surface associated with a strongly quasipositive braid word. Let w A = a i k ,j k be such a n A -braid word, for some positive integer n A . We refer to Figure 2 for an example where A is the zero-framed positive trefoil and w A is the 6-braid word a 2,6 a 1,4 a 2,5 a 4,6 a 3,5 a 1,3 . Lemma 14. We may arrange w A in such a way that among the generators in w A exactly two start at strand 1, that is, exactly two generators of the form a 1,j occur in w A .
Proof. In the proof we will actually show more, namely that w A can be arranged in such a way that for every strand (not only for the first one) there are precisely two generators starting or ending at this strand.
Let w A be a strongly quasipositive n A -braid word with associated canonical surface A. Suppose there is a strand k such that precisely one generator in w A starts or ends at this strand; i.e. is of form a i,k or a k,j . Delete this generator and in all other generators replace i (j) with i − 1 (j − 1) whenever i > k (j > k) (this corresponds to 'deleting the whole strand k') producing a strongly quasipositive (n A − 1)-braid word. For the associated link and the associated canonical surface, this corresponds to a Markov move; in particular, this operation does not change the isotopy type of the canonical surface. Perform this operation finitely many times until we have a strongly quasipositive braid word, which, by abuse of notation, we still denote by w A , and such that for all strands k at least two generators in w A start or end at strand k. Since A is an annulus, this implies that for all strands k precisely two generators in w A start or end at strand k, for otherwise the first Betti number of A is at least two. Next we modify the word w A , making precise the following idea about its associated canonical Seifert surface A: turning the annulus A into a quasipositive band that can replace the corresponding band in F . We can and do assume that w A satisfies the statement of Lemma 14, that is, there are exactly two generators in w A that start at the first strand. Suppose these are a 1,j and a 1,j ′ and a 1,j occurs first in the braid word w A . We build a new strongly quasipositive (n A + 1)-braid word v A as follows. Replace a 1,j by a 2,j+1 , a 1,j ′ by a 1,j ′ +1 , and all the other generators a i,j in w A by a i+1,j+1 . Figure 3 illustrates v A (ignore the dotted line in that figure until further notice). Note that the canonical surface associated to v A is a disc. Figure 3 . Left: the canonical surface associated to 7-braid word v A = a 3,7 a 2,5 a 3,6 a 5,7 a 4,6 a 1,4 build form the six braid word w A = a 1,4 a 2,5 a 4,6 a 3,5 a 1,3 a 2,6 (ignoring the dotted and green part). Right: Cutting open a zero-framed annulus and introducing a negative twist. This is the process that happens on the level of Seifert surfaces from Figure 2 to the left-hand side of this figure.
The picture to keep in mind is that we are creating a 'quasipositive band F (v A ) with a negative twist in it', by cutting open a zero-framed quasipositive annulus F (w A ); see the right-hand side of Figure 3 .
The construction of a braid word v A and the quasipositive band F (v A ) is conducted for A = A 1 , . . . , A t . We denote by v 1 , . . . , v t the resulting braid words and by F 1 , . . . , F t the resulting surfaces. We let i 1 , . . . , i t denote the number of strands of v 1 , . . . , v t , respectively.
We proceed now by induction on t, replacing successively negative generators g t , g t−1 , . . . , g 1 in w as follows. Out of the n-braid word w we build a new braid word w ′ by first replacing all generators a
Then we replace g t by the following braid word v t : v t is given by shifting all generators of v t to the right by i t − 1 (that is replace a i,j in v n by a i+it−1,j+it−1 ) and adding the generator a it+1,jt+it−1 . The procedure is illustrated in Figure 4 : first the passage from w to w ′ is described and then we replace a negative generator in the word w ′ by a band from Figure 3 (this time including the dotted line). By abuse of notation, we call the resulting (n + i t − 1)-braid word w and its negative generators g 1 , . . . g t−1 . Let v denote the ((n + i t + · · · + i 1 ) − t)-braid word obtained by repeating the process described in the last paragraph t − 1 more times. Then v is by construction a strongly quasipositive word. Its associated canonical surface is the surface P obtained by replacing t bands with negative twists by quasipositive bands F 1 , . . . , F t .
Proof of Theorem 2
Take a link L and a Seifert surface F for it; i.e. a Seifert surface with oriented boundary L. By Proposition 11 there exist an integer t and closed bands S 1 , . . . , S t in F such that tying any non-trivial strongly quasipositive knots K 1 , . . . , K t into these bands yields a quasipositive surface. Call this surface F ′ and let L ′ be the boundary of F ′ . We begin with the following observation. Recall that the link L ′ ⊂ S 3 is a satellite with pattern a link L ⊂ D 2 × S 1 and companion a knot K ⊂ S 3 , if there is an orientation preserving embedding of Proof. This is a consequence of the fact that tying a knot K into a closed band in a Seifert surface F amounts to realizing the boundary of the resulting surface as a satellite with pattern ∂F and companion K. For completeness, we provide a detailed proof.
Set F 0 := F and L 0 := L. Take η 1 to be a simple closed curve going once along the band S 1 ; see Figure 5 . More precisely, given a cylinder is replaced by a band that is tied along the knot K i . For clarity we drew K i to be a trefoil; in our application the knot K i will have Alexander polynomial one in addition to being non-trivial and strongly quasipositive. Note the three negative twists to keep the framing of the inserted band equal to zero.
defining the closed band S 1 (as in the definition of a closed band in Section 2), take η 1 to be Ψ −1 ((∂D 2 ) × { into S 3 such that {0} × S 1 maps to K 1 and {0} × S 1 and {1} × S 1 have algebraic linking number 0. Note that the S j for j ≥ 2 also constitute closed bands in F 1 .
We proceed inductively: define η i , F i , and L i correspondingly (see Figure 5 ), observe (as in the case of i = 1) that L i arises as the satellite link with pattern L i−1 ⊂ D 2 × S 1 and companion K i , and note that S j for j ≥ i + 1 also constitute closed bands in F i .
The last ingredient in proving Theorem 2 is a result that controls the behavior of concordance after a satellite construction. Apart from the statements about the fundamental group, this is well-known to experts; for example, this is the fact that insures that satellite constructions are defined on the concordance group rather than just on isotopy classes of knots. 
are an isomorphism and a surjection, respectively, then the inclusion induced maps
are an isomorphism and a surjection, respectively.
Proof. The first part of the statement follows by 'applying the satellite construction to A'. The second part is a Seifert-van Kampen calculation. For the reader's convenience, we provide a detailed proof. The m disjoint annuli L(A) are constructed via a satellite operation as follows. Since A is locally flat, there exists a tubular neighborhood 
1 ⊂ T gets mapped to a zero-framing of K and U , respectively (i.e. a curve that has algebraic linking number 0 with K and L, respectively). To arrange this note that any such homeomorphism h necessarily maps λ × {0} and λ × {1} to the same framing of K and U , respectively. Thus, choosing that h maps λ × {1} to the zero-framing of U (e.g. by precomposing with a self-homeomorphism of T ) automatically arranges that λ × {0} maps to the zero-framing of K. To be conform with our smooth setup for links in S 3 , we also arrange that h restricts to a smooth embedding on T × {0, 1}.
Define L(A) = h(L × [0, 1]). It is clearly a topological concordance between L(K) and L(U ) since h(V (A)) establish (local) flatness. Note that here the correct arrangement of the framing is used.
To prove the isomorphism and surjection on fundamental groups, we let V (K) and V (U ) denote tubular neighborhoods of K and U respectively and consider the following diagram.
All the maps are induced by embeddings. Therefore the diagram is commutative. The three diamonds are pushout diagrams by the Seifert-van Kampen theorem. The vertical maps to the left are isomorphism by the definition, the curved dashed maps are isomorphisms by the construction of L(A). The curved dotted maps π U and π K are an isomorphism and a surjection, respectively, by the assumptions of the proposition. By the universal properties of the pushout, we have that the right vertical maps π L(U) and π L(K) are, respectively, an isomorphism and a surjection.
We conclude the proof of Theorem 2.
Proof of Theorem 2. Choose a Seifert surface for the link L and a braid word w that has F as associated canonical surface; in particular, the closure of the braid specified by w is L = ∂F . Choose a non-trivial strongly quasipositive knot K with Alexander polynomial one; for a concrete example one can take a Whitehead double of the trefoil; see Section 1.2. By Proposition 11 there are closed bands in F such that, by tying the knot K into these bands, we obtain from the surface 
